Experiments on the transport of passive scalar tracers on capillary waves generated by the Faraday instability are presented. A spot of fluorescent dye is placed just below the fluid surface and the evolution of the dye concentration field is studied. Substantial transport is found over large distances, consistent with earlier observations of particle motion on the fluid surface. The time evolution of the radial distribution of impurity is characterized on a coarsegrained scale. At large driving amplitudes e, where the wave pattern is time-dependent with only short-range spatial correlations, the diffusion may be described as a normal Brownian process. At lower E, where the patterns are well ordered (but modulated), this approximation fails though there is still significant transport. For large E, the isoconcentration contours are well described as fractals with a dimension that approaches 1.40 +_ 0.05 at long times. The scalar gradient field may be described as a multifractal. These results are surprisingly similar to those obtained for transport in turbulent shear flows.
INTRODUCTION
The mixing of impurities by hydrodynamic flows has been studied for several independent reasons. Transport phenomena are ubiquitous; they can enhance our understanding of flow dynamics; and, in some cases, transport may be explained as a manifestation of Lagrangian chaos. Transport phenomena associated with surface waves, the subject of this paper, are challenging to study and to understand, and have many applications in the context of oceanography. Wellcontrolled laboratory studies of transport by surface waves may also have features that apply to mixing by other nearly periodic spatial structures.
As is well known, surface waves exhibit no transport in a linear approximation because particle trajectories are closed. However, at second order in the wave amplitude A, there is quadratic "Stokes drift" such that the particle velocity at the surface for traveling waves is u = 2wk(A ").
(1) The transport produced by traveling waves has been discussed in a number of papers. ' On the other hand, for sounding waves, one might expect that the drifts produced by the oppositely directed wave components would cancel. In practice, the cancellation is imperfect and net transport does, in fact, occur. For strongly disordered waves, a statistical approach has been proposed in which the diffusion for a "random sea" is caused by statistical fluctuations in the Stokes drift.2 For modulated but nearly steady standing waves, the cause of the transport is less clear. Net transport can also be produced by proximity a> Present address: P.0. Box 4808, Carrier Corporation, Syracuse, New York, 13221. to boundaries, but this effect should be small in the situations considered here. In a previous paper3 (hereafter referred to as I), we studied this phenomenon by measuring the trajectories of individual particles. The present paper extends these measurements through the study of evolving concentration fields. Both methods indicate that there can be significant motion of the tracers even when the wave pattern, though spatially modulated, is nearly time-independent. However, we emphasize the regime in which the wave pattern becomes disordered and strongly time-dependent.
We use two types of tools to characterize the transport and mixing. First, we model the transport as a type of effective diffusion. This approach is a natural extension of the studies of particle trajectories presented in I, where Brownian motion, and its generalization known as fractional Brownian motion4, were found to provide an appropriate model. If the coarse-grained concentration field follows an isotropic effective diffusion equation in two dimensions, then the second radial moment of a dye spot should grow linearly with time. We use this property as a test of the applicability of the concept of effective diffusion to transport by capillary waves.
Second, noting the complexity of the resulting concentration field on many spatial scales, we consider whether a fractal analysis provides a satisfactory description. Fractals were first used to describe phenomena in turbulence by Mandelbrot. ' Sreenivasan et ale5 later gave a simple picture of transport in turbulent shear flows using fractal concepts. This led to the prediction that interfaces such as isoconcentration surfaces should be fractals of dimension 7/3. Experimental measurementssY6 gave the result 2.35 & 0.05, in excellent agreement with the prediction. Fractal concepts have not previously been used to describe wave transport.
We consider the question of whether the isoconcentration curves produced by wave mixing exhibit spatial scaling, and find that there is indeed a well-defined fractal dimension. We also investigate the scalar gradient field ~(xy,t) = (&/iix)' + (d~/~y)~ [where c (x,y,t) is the concentration field]. The properties of ~(x,~,t) are interesting because the local gradients control the dispersion of the tracer. This field is found to be quite complex and spatially intermittent, much like that found in the studies of turbulent transport. ' The observations suggest thatX( x,y,t) can possibly be understood as a multifractal set. In the multifractal approach,8 the moments (of order q) of x are characterized by power laws in the scale r with exponents proportionaly (by definition) to the generalized dimensions D,. Multifractal behavior ofx has also been predicted for the transport of a passive scalar by a velocity field that is chaotic, in the sense that nearby trajectories diverge exponentially on the average." The quantitative characterization of wave transport using these statistical methods (Sec. III) allows a comparison to be made between mixing by surface waves and that produced in turbulent flows.
In the next section, we briefly describe the capillary wave phenomena, the experimental apparatus, and the methods used to study dye transport. In Sec. III, we present the experimental results. This is followed by the discussion of the results in Sec. IV.
II. EXPERIMENTAL METHODS AND QUALITATIVE OBSERVATIONS
A. Capillary waves Capillary waves may be easily generated on a fluid surface as a result of the Faraday instability, which occurs when a liquid with a free surface is subjected to vertical oscihation of the container. The surface undergoes a parametric instability and exhibits standing waves at half the driving frequency. Extensive experimental and theoretical studies have been carried out in the last decade in order to understand the nonlinear dynamical properties of these waves. The reader may refer to Miles and Henderson" for a recent review. The present experiments are conducted at large driving frequencies, where the wavelength ;1 is small compared to the dimension L of the system. In such a "large aspect ratio system," the complex processes of damping at the lateral boundaries of the fluid, and the resulting effect on the wave pattern, can be neglected. The observed pattern has square symmetry irrespective of the shape ofthe container.'2*'3 For driving amplitudes slightly above onset, the wave pattern is highly ordered and spatially coherent over distances comparable to L. However, for slightly larger amplitudes, a modulational instability leads to a disordered pattern. '2,'3 Flows of this type are termed spatiotemporally chaotic, and form an important intermediate case between low-dimensional chaotic systems and fully developed turbulence. I4 The temporal and spatial disorder of the pattern can increase the complexity of the transport process.
B. Experimental apparatus and the basic flow
The experimental apparatus is described in I. Briefly, a square Plexiglas cell of dimensions 8 X 8 X 2 cm containing 1 cm of distilled water at 25 "C is mounted on a precision electromagnetic shaker driven by a frequency synthesizer and power amplifier. An excitation frequency of 320 Hz yields waves oscillating at 160 Hz with a wavelength of 2.7 mm. The top of the cell is covered by a transparent Plexiglas plate with a4 mm hole in the center to facilitate the addition of dye or particles. The surface pattern has square symmetry just above onset, and becomes disordered as a result of a transverse amplitude modulational (TAM) instability that has been studied theoretically by Milner.13 For water under the conditions of the present experiments, this instability is predicted to occur at ~-0.0004, where E = (A -A,)/A, is the nondimensional driving amplitude (A, is the driving amplitude at the wave onset). This is sutliciently small that we could not resolve a purely unmodulated state with longrange order over lengths comparable to the size of the cell. On the other hand, for small E, the time dependence is quite slow and correlation lengths of about 6;1 occur, as in the image of Fig. 1 In order to study the transport of a passive tracer by capillary waves, fluorescein dye, which is readily soluble in water and fluoresces when illuminated by an argon ion laser, is utilized. The dye is introduced as a 3 mm diameter spot on the surface through the hole on the Plexiglas cover plate. Its introduction is believed not to perturb the surface significantly. The molecular diffusivity of the dye in water is approximately 5 x 10 -' cm"/sec. Is The beam from the argon ion laser is spread into a sheet using a cylindrical lens, and isdirected along a plane parallel to and just below the surface of the fluid. The fluorescence of the dye is then monitored by a video camera mounted above the cell. Since the light intensity of the fluorescence image is proportional to the local dye concentration, we obtain a direct measurement of the twodimensional concentration field.
The video images are then digitized to obtain a sequence of images of the dye transport. Figure 2 shows the evolution for E = 0.08, where the pattern is nearly steady. Essentially the entire cell is shown. It is clear that, for this value of driving amplitude, the dye pattern changes substantially in a few seconds, and transport occurs primarily by advection and shearing of the dye spot rather than by molecular diffusion of the dye. The motion and deformation of the dye element appear to be locally anisotropic. Figure 3 shows the evolution pf the dye concentration field as a function of time for a higher driving amplitude. We observe that the transport in this case is nearly isotropic, and the mixing appears to occur on smaller scales. 
III. RESULTS AND QUANTITATIVE ANALYSIS A. Effective diffusion
To study the scalar effective diffusion quantitatively, we take as a hypothesis that the concentration field c(x,y,t) may be described by an isotropic two-dimensional diffusion equation:
Zlt where D * is an efictive diffusion coefficient that includes hydrodynamic effects. If we assume that the dispersion is isotropic starting from an initial concentrated source at the origin, the concentration field c(r,t) varies as This equation implies that, for isotropic diffusion, the concentration fields at different times should collapse onto a single curve in suitable coordinates. For instance, on a plot of [ tc(r,t) ] vs [Y '/4t 1, data from concentration fields at different times should follow a single exponentially decaying curve, if the model is correct. The variance V(t) of the concentration field is 20 *t. However, if the diffusion is not isotropic, V(t) would deviate from this form. (Of course, lack of isotropy is not the only circumstance that could lead to such deviations.) Figure 4 shows the scaled radial concentration distribution [ tc(r,t)] as a function of the parameter [r '/4t 1. coefficient D *. (Its variation with driving amplitude was determined by particle tracking and is shown in Fig. 19 of I . ) The transport is enhanced over that, because of molecular diffusivity alone, by a factor of about 10". On the other hand, the scaling expected for isotropic diffusion does not hold for small E [ Fig. 4(a) 3. We find that [ tc( r,t) ] for large t typically lies above the corresponding data for small t; there is also much more variability. To characterize the rate of dispersion quantitatively, we measured the time-dependent variance V(t); see Fig. 5 . For small E, V(t) varies approximately as t 1.3 +'.O'. On the other hand, the exponent is approximately unity, the Brownian value, for the disordered waves at E = 0.35. However, the magnitude of V(t) is not strongly dependent on E.
As reported in I, analogous behavior was also found in studies of the trajectories of hollow ceramic spheres ( lOO-200 ,um in diameter) on the fluid surface. Figure 6 shows examples of particle trajectories for two values off. Significant irregular particle motion was observed even for small 6, where the wave field is ordered though modulated in space. From the particle motion, the time-dependent variance of the particle displacements was computed. The variance grows as a power law t 2H, where the exponent H varies with the driving amplitude E. Figure 7 shows the variation of H with E, where results from both particle motion (open circles) and dye transport (closed circles) are included. We find "anomalous" diffusion (i.e., H> 0.5) for small e and normal diffusion for large E. The particle transport measurements are consistent with the measurements based on dye transport.
We also obtained other statistical properties of the particle trajectories in I. Here, we summarize some of those results. The particle displacements in two orthogonal coordinates (parallel to the side walls) follow identical Gaussian distributions, and they are statistically independent, regard- less of the driving amplitude. The probability distributions of the normalized particle displacements AX along one direction, f -H [ AX ( 7) 1, are identical for various time intervals 7 if the appropriate value ofHis used for normalization.
B. Fractal and multifractal properties of the scalar concentration field
In this section, we describe the fractal properties of the isoconcentration contours and the multifractal properties of the scalar gradient field ,r in order to compare transport by standing waves to transport by fully developed turbulent flows. From images such as those in Fig. 3 , we can obtain isoconcentration contours by selecting a threshold light intensity. For suitably small values of the threshold intensity, the isoconcentration contour can also represent the interface between the dye and the ambient fluid. Figure 8 shows a typical isoconcentration contour with convolutions visible on many scales. In such situations, a fractal analysis is often appropriate. We use the box-counting algorithm to test for scaling and calculate the fractal dimension. The image is covered by boxes of size Y to determine the number of boxes N, that intersect the contour. The variation of N, with r is then plotted to check for power law behavior N,. -r -D, where D is the fractal dimension. Figure 9 shows the variation of N, with r for E = 0.36, at different stages of the evolution of the dye. For contours at large times, power law behavior is seen from the smallest scale ( 1 pixel -250 pm) to approximately one tenth of the size of the box. Figure 10 shows the variation of the fractal dimension D with t for both small and large driving amplitudes (ordered and disordered waves). We find that the isoconcentration contours attain a maximum dimension of 1.40 & 0.05 at long times and that the approach to this value is faster at higher E. It is interesting to note that the fractal dimension obtained in the wave transport is close to the measured value of 1.35 & 0.05 for planar intersections of isoconcentration surfaces in fully developed turbulent flow~.~*~ Now we consider the properties of the scalar gradient field ,J. Figure 11 shows the variation of ,y in the spatial coordinates corresponding to the dye image of Fig. 3 (e) . We find that x is spatially intermittent; there are regions with predominantly high values of x and other regions wherex is nearly zero. This type of behavior is the experimental hallmark of a multifractal set. Therefore we test for scale invariance over a broad range of sizes by measuring the generalized dimensions D, as suggested by Hentschel and Procaccia. ' We compute the scale-dependent function Z,. defined as the moment of order q of ,y:
In this expression, ,xr is the scalar gradient field (measure) FIG. 7. VariationofthecharacteristicexponentHwith driving amplitude E. It decreases smoothly with e, and approaches 0.5 for large E. Open circles represent results from particle trajectory measurements (from I), and the filled circles are from the dye measurements (present work). The error bars show one standard deviation and include statistical errors only. in a box of size r and the sum is carried over all boxes of size r in the spatial domain that has been sampled. The dimensions D, are then obtained as the slopes of log-log plots of Z '/(q -'1 vs r. The ordinary fractal dimension of ,y is simply Di. Generalized dimensions corresponding to large positive values of q represent the scaling behavior of regions where x is intense. Similarly, the dimensions for l?rge negative q represent the scaling behavior of regions where x is sparse.
In Fig. 12 , we show the variation of Z i'(q-') with r for several values of q. For positive values of q, we find very good power law behavior over at least 1.5 decades. Hence the multifractal model is a reasonable description of the data, and we can determine D, reliably. On the other hand, for negative values of q, power law behavior is not evident. Recall that negative values of q are related to the scaling behavior of regions with sparse ,JJ. The primary contribution in that case appears to be from the regions without dye, and hence the measurements are not statistically significant for negative q. Similar difficulties were encountered in transitional and turbulent shear flows-I6 Thus we can present D, only for positive q. Either there is no scaling for negative q, or it cannot be measured with the available techniques. In Fig. 13 , we show the variation of Dq with q for several different times.
In an equivalent approach," one may describe the scalar gradient field as consisting of interwoven fractal sets of singularities of index a, where the gradient field diverges locally as,y( r) -(r -r, ) -a. The singularity spectrumfla) is the fractal dimension of the set of all points r, with index a. Thefla.) representation can be obtained from the set of FIG. 11 . Scalar gradient field x(&y) for E = 0.35 at f = 24 set shown as a three-dimensional plot. The image area (a small part of the cell) is 3.6 X 3.6 cm'. Spatial intermittency is evident, and this function is well described as a multifractal. generalized dimensions D, using the Legendre transformation" In Fig. 14 , we show the resulting singularity spectrum for the scalar gradient field at long times. Since negative values of q correspond to the downward sloping part off(a), we cannot obtainf'(a) for large a. We find that the scalar gradient field of the wave-induced transport is described adequately as a multifractal set (with certain qualifications just described) over a reasonable range of scales. (Of course, the divergences of the multifractal model are never actually seen in experiments.)
IV. DISCUSSION
We have presented an experimental study of the transport of fluorescent dye in a standing wave field. We have characterized the transport process using both the concept of effective diffusion, and a fractal analysis of the concentration field. The presence of the wave field increases the efficiency of mixing by a factor of about lo4 over molecular diffusion. For large C, the variance of the concentration field increases linearly with time, as expected for normal diffu- N00014-85-K-0759. The complexity of the evolved concentration field at large E is well described by the fractal analysis (for isoconcentration contours) and the multifractal analysis (for the scalar gradient fieId). Fractal behavior is noteworthy since the Eulerian velocity field is dominated by a single length scale, namely the wavelength il. Recent numerical work on mixing in model systems by Ott and Antonsen" has shown that, if the velocity field is chaotic, as ours is at high e, then the convected scalar gradient field can have multifractal behavior even without small scales in the velocity field. It may also be useful to mention recent numerical simulations by Osborne and Caponio" of the complex motion of fluid elements in a Hamiltonian system of traveling waves with randomly chosen wave number and orientation. Their streamfunction spectra show power law behavior that is intended to model geophysical fluid turbulence, These authors find fractal trajectories and anomalous diffusion.
The fractal dimension of the isoconcentration contours, as well as the singularity spectrum of the scalar gradient field, are surprisingly similar to the corresponding measurements in fully developed turbulent flows. ' [The values of fca) and D, obtained are essentially indistinguishable from the values obtained for the turbulent dissipation field in three dimensions, if a correction is made for the two dimensionality of our system.] Either there is an underlying universality of the transport process, or the generalized dimensions are not sensitive to its details. A resolution of this issue would help to establish whether characterization of the passive scalar distributions as multifractals is useful. ever, contrary to the usual presumption in explaining anomalous exponents in studies of ocean and atmospheric transport,'9,20 it is probably not necessary to postulate extraneous large scale flows to explain the present experiments. Ezersky et aL2* have recently considered the effects of modulations on the second-order Stokes drift for capillary wave transport. They consider two orthogonal standing waves, each of which is modulated at a low wave number and frequency in the transverse direction, as occurs in this experiment. By numerically solving for particle trajectories, they show that chaotic advection generally occurs, provided only that modulations of the orthogonal wavetrains differ in phase.
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